Abstract Based on exact Green strain of spatial curved beam, the nonlinear strain-displacement relation for plane curved beam with varying curvature is derived. Instead of using the previous straight beam elements, curved beam elements are used to approximate the curved beam with varying curvature. Based on virtual work principle, rigid-flexible coupling dynamic equations are obtained. Physical experiments were carried out to capture the large overall motion and the strain of curved beam to verify the present rigid-flexible coupling formulation for curved beam based on curved beam element. Numerical results obtained from simulations were compared with those results from the physical experiments. In order to illustrate the effectiveness of the curved beam element methodology, the simulation results of present curved beam elements are compared with those obtained by previous straight beam elements. The dynamic behavior of a slider-crank mechanism with an initially curved elastic connecting rod is investigated. Rigid-flexible coupling dynamics of multibody system has been studied for a long time, 1,2 however, not much work has been done on the curved beams with varying curvature. Sugiyama and Suda 1 and Shabana and Maqueda 2 utilized the absolute nodal coordinate formulation for the dynamic analysis of the curved and gradient deficient elements based on the concept of the straight beam element approximation.
Rigid-flexible coupling dynamics of multibody system has been studied for a long time, 1,2 however, not much work has been done on the curved beams with varying curvature. Sugiyama and Suda 1 and Shabana and Maqueda 2 utilized the absolute nodal coordinate formulation for the dynamic analysis of the curved and gradient deficient elements based on the concept of the straight beam element approximation.
Although most of studies adopted the curved beam element to approximate the curved beam, 3,4 they mainly focused on the free vibration and static problems. For the rigid-flexible coupling dynamics research, Park and Kim 5 investigated the dynamic characteristics of a rotating curved beam with a tip mass, however, the radius of the curvature of the curved beam is so large that the curved beam approaches straight beam, therefore the finite element method used in this paper is not persuasive enough. Pan and Liu 6 analyzed the nonlinear dynamic analysis of curved beam, however, the model are limited to the curved beam with constant radius. No further work based on the finite element approach has been reported on the curved beam with variable curvature. Furthermore, the influences of the geometrically nonlinear performances of the curved beam were not investigated. It is necessary to use the geometric nonlinear strain-displacement relationships for dynamic modeling of the planar curved beam by simplification of the exact spatial curved beam theory.
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As shown in Fig. 1 , an arbitrary undeformed geometry central axis of general curved beam is defined in a reference coordinate system (floating frame). The central-line function of the curved beam before deformation is given by
For the general curved beam in Fig. 1 , the variant radius of curvature is evaluated as
The displacement fields of an arbitrary point on the curved beam are given as follows
where s represents the arc length along the neutral axis from the left end and ξ is the distance along the thickness direction defined in a local curvilinear frame e c fixed on an arbitrary point of the neutral axis and β is cross section rotational deformation. The assumption that the cross section of the beam does not deform in its own plane is introduced. The nonlinear strain components of the planar curved beam 
Then the plane curved beam can be obtained as
where k 11 = −β , the superscript prime denotes the derivative with respect to s. The quadratic or higher strain terms inê 11 ,ê 12 and k 11 are neglected. The stress-strain relations are given by
where E is the modulus of elasticity, G ξ is the shear modulus and G is the shear coefficient. The kinematics relations of an arbitrary point on the beam are described with the aid of three coordinate systems as shown in Fig. 2 : An inertial frame e 0 , a floating frame e b and a local curvilinear frame e c .
The coordinate matrix of the displacement of an arbitrary point with respect to e 0 can be written as
where r 0 represents the coordinate matrix of r 0 defined in e 0 , s 0 represent the coordinates of s 0 defined in e b , and u represent the coordinate matrix of deformation vector u of the point p which is defined in frame e c . A θ represents the transformation matrix of frame e b with respect to frame e 0 , and A ϕ represents the transformation matrix of frame e c with respect to frame e b , which are given by
where φ = tan −1 ( dY / dX) is determined by the initial configure of the curved beam.
The second time-derivative of Eq. (8) is
whereĨ represents a skew-symmetric matrix, which can be written asĨ = 0 −1 1 0 .
The virtual displacement coordinate vector reads
In the FEM, the deformations and the Cartesian coordinate for describing the initial shape are interpolated respectively as followings
where ς is the natural coordinate ( On the basis of Eq. (13), the infinitesimal arc element ds can be expressed as
where
According to Eqs. (10) and (11), the virtual work of the inertia force is expressed as
where V represents the volume of the beam and ρ is the mass density, q = [r
T is the generalized coordinate of the system, and M , Q m are the generalized mass and inertia force matrices which are given in Appendix.
Considering Eq. (11), the virtual work of the body force can be written as
where f represents the body force vector defined in the inertial frame, and Q F represents the generalized body force vector, which is given in Appendix. According to Eq. (12), Eqs. (5) and (6) can be written as
where, ε = (e 11 2e 12 ) T and ε L = B L0 p e denote the linear strain component, κ = B Lκ p e represents curvatures, and ε N = CΘ/2 is the nonlinear strains. B L0 , B Lκ , C and Θ are given by
Since δCΘ = CδΘ, according to Eqs. (17)- (19), the variation of the Green strain can be written as
Considering Eqs. (17) and (20), the virtual work of the internal force considering geometric nonlinear effect can be written as
where 
Considering constraints in systems and Eq. (23), the constrained multi-body system equations of motion are given by where Q = Q m + Q F + Q s and λ represents the matrix of Lagrange multipliers. Dynamic Eq. (24) is integrated by generalized-α method which is given by Ref. 8 .
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The dynamics of a curved beam pendulum with a tip mass which is linked with the bracket using a revolute joint is studied in experiment, which can be seen in Figs. 3 and 4 . The strain chips are pasted on the curved beam, the position of which can be found in Fig. 4 , and the strain data can be obtained by those strain chips. The angular velocity of pendulum is measured by the floating frame and the inertial frame which can be seen in Fig. 4 . The properties of curved beam with rectangular cross section and initial condition are shown in Table 1 .
In order to keep present simulating conditions consistent with those of experiment, the damping forces Figure 5 (c) compares the results of the angular velocity of the curved beam. As can be seen in Fig. 5(c) , the results of measurement and those of linear and nonlinear simulating model agree well, which indicates that the influence of nonlinear related terms C and G on the angular velocity is not obvious for the present experiment case. The circular and parabolic shaped curved beams are both used in simulation examples.
The equation for the circular shaped curved beam with the constant radius R is defined in floating frame as
where α is the subtended angle. The equation for the parabolic shaped curved beam with the non constant radius in floating frame is defined as
The properties of the beam are given as follows: the mass density ρ = 27 667 kg/m 3 , the modulus of elasticity E = 68.952 GPa, the cross-section area A = 8 × 10 • and α = 60 • , respectively. The following torque drives the hub in the numerical analysis
where ω 0 = 2π rad/s. The dynamic results of present nonlinear curved beam model are compared with those obtained by the straight beam elements. All the deformations are measured in the inertial coordinate system. The time histories of the tip deformation of the curved beam with α = 60
• are shown in Figs. 6 and 7, respectively. It can be seen in Fig. 6 that the longitudinal deformation results obtained by straight beam elements and the results obtained by present nonlinear curved beam element model are in good agreement, and the transverse deformation results in Fig. 7 also coincide well, which verify the correctness of present curved beam elements and straight beam elements.
Although present curved beam and straight beam elements have the same simulation results, as shown in • and 60
• , the convergence results can be obtained just using at most 4 and 6 curved finite elements for present model, respectively; however, at least 15 and 20 finite elements are needed to converge for the straight beam elements. Furthermore, as can be seen, for the cases of the same length of the curved beams, the curved beam with larger curvature (60
• ) needs more elements to converge. Table 2 subtended angle respectively, nevertheless, for straight beam approximation elements, the corresponding simulation time are 70 s and 80 s, respectively.
A slider-crank mechanism is shown in Fig. 8 . The length of crank is 1 m, square cross-section areas of the crank and the connecting rod are both given by A = (0.02 × 0.02) m 2 . The mass of the slider is 0.5 kg. The crank is subjected to a prescribed rotational motion defined by where ω 0 = π is the angular velocity of crank at the steady-state stage, and t s = 0.5 s is the accelerating time. can be found in Fig. 10 . Nonlinear strain-displacement relations for the plane curved beam with varying curvature are obtained and the nonlinear dynamic equations for the curved beam multi-body systems are established. By physical experiments, the accuracy of present nonlinear rigidflexible coupling formulation for curved beam with varying curvature is verified. Moreover, due to the neglect of the nonlinear terms in linear model, obvious differences can be found between the results obtained by linear model and those obtained by experiment. Present curved beam element is more efficient than the straight beam element. Considering geometric nonlinear effect is necessary in case of high rotating speed.
